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1 Introduction

If you meet a friend who has just returned from vacation, the first two questions you ask
him are “how long were you gone?” and “where did you go?” Equivalently, you may ask

him “what is your dynamic phase?” and “what is your geometric phase?”

Geometric phase is interesting because it involves the often-neglected phase of the wavefunc-
tion, and because it is manifested in diverse fields of physics. This phase factor was first
described generally by Sir Michael Berry in 1984 [1], but it had been observed in some forms
before then [2].

Consider a system whose parameters are varied adiabatically and ultimately returned to
their initial value. All systems acquire a phase factor during any time period, the dynamic
phase. In some systems, the final state acquires in addition a geometric phase factor that
depends on the geometry of the closed transit in parameter space of the evolution. Thus, the
final state is not equivalent to the initial state due to the geometric, or Berry’s, phase. This
difference can be revealed through interference with a reference state. A system exhibiting

geometric phase is termed nonholonomic.

An example of geometric phase from classical physics is that of a man walking slowly around
the globe with a pendulum, always swinging the pendulum orthogonal to his direction of
motion [3]. He begins at the North Pole walking southward. When he reaches the Equator,
he turns and walks along it for a time, then turns north and ends where he began. There is
a non-zero angle, the Hannay angle [4], between the pendulum axis in the initial and final
states due to the geometric phase. In quantum mechanics, an example of Berry’s phase is

the Aharonov-Bohm effect involving a charged particle in an electric or magnetic field [5].

Here we explore the geometric phase in classical, quantum and optical systems. The phe-
nomenon is especially interesting in optics due to the inherent similarities between quantum

mechanical wavefunctions and electromagnetic waves.

2 (Geometric phase in quantum mechanics

Many quantum mechanical systems exhibit a behavior that can be interpreted as a geometric
phase. An example is the quantum Hall effect [?]. A geometric phase occurs in systems only

where the Hamiltonian H itself is rotated; rotation of ¥ is has no interesting geometric effect.



Evolution of H can cause an observable change in W. The path in parameter space must be

closed so we can compare the original state to the final, via an interference.

2.1 Berry’s derivation of geometric phase

In retrospect, it is amazing that the geometric phase was not discovered until 1984 with the
publication of Berry’s “Quantal phase factors accompanying adiabatic changes.” In quantum
systems the geometric phase is often called the Berry phase. The geometric phase arises only
when there is a rotation of the Hamiltonian; rotation of the wavefunction ¥ produces familiar

non-geometric results.

To study the geometric phase, we vary the parameters R of the Hamiltonian with time,
then bring them back to their original value such that R(t = 0) = R(T). The Schrédinger

equation is
H(R(1)) ¥ (t)) = oh|¥(2)),
and the eigenstates must satisfy
H(R)In(R)) = En(R)|n(R)).
Berry showed [1] that the state |n(R(t = 0))) will evolve as
(U (t) = 70 O n(R(1))).
Here ®, is the familiar dynamic phase
1 rt
By= - / A E, (R()),
i Jo

and 7,(t) is the geometric phase of interest.

Berry considers a spin particle in an adiabatically-varying magnetic field; here we consider
the simple case of precession of the magnetic field about Z. The magnetic field direction is
parallel to n, and the spin particle to . Varying parameter R rotates n by a tiny angle d¢
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In each interval dt¢, n shifts by a tiny angle to 7 + dn, such that we can assume that 7 is
still parallel to 72 + dn. Thus the magnitude of (n|Vgn) can not change, so it must be an
imaginary phase term. The time derivative of 7, (¢) must also depend on the time derivative

of R(t). We can then accept Berry’s equation [1]

Fa(t) = o(n(R()|Vrn(R(t)R(2).

For a closed path in parameter space C from t =0 to t = T, the geometric phase change in
|W) is

1(C) =1 fc (n(R)|V gn(R)) - dR.

Note that the dynamic phase is independent of C'; it depends only on 7. In three dimensions,
this expression for v can be related to the solid angle €2 enclosed by the path C.

We can also understand the geometric phase by imagining the path traced out by the Hamil-
tonian H in parameter space to be composed of many infinitesimal loops. The Hamiltonian
is perpendicular to the plane of each infinitesimal loop, and its matrix is diagonal. Since the
H is varied adiabatically, there can be no angle between H's at successive points. But when
we sum over all these little loops, we get off-diagonal terms in H that manifest physically as

a phase.

2.2 Aharonov-Bohm effect

The classic example of Berry’s phase in a quantum mechanical system is the Aharonov-Bohm
effect, where a particle is affected by fields in regions that it is forbidden from entering [5].
Consider an electron moving in a closed path around a long solenoid. The magnetic field
from the solenoid is uniform through the center and zero outside it. However, the magnetic
vector potential is non-zero outside the solenoid. The electron acquires a geometric phase
from its trip, which be observed through electron interference. We will not go into detail on

this system here; see [8].



3 (Geometric phase in classical mechanics

Berry’s 1984 derivation was specific to quantum systems, but geometric phase can be used
to understand a great variety of systems, including classical ones. The dynamic phase
in classical mechanics can be interpreted as a time-delay in a harmonic oscillator. As in
quantum mechanics, the classical geometric phase then arises from an adiabatic change in

the system parameters.

3.1 Foucault pendulum

A Foucault pendulum is a common display in science museums. It is named for its discoverer,
19th century French physicist Jean Bernard Léon Foucault; he also invented the gyroscope.
A very long pendulum swings suspended over the center of a disk surrounded by blocks.
The pendulum’s vertical swinging axis precesses due to the motion of the Earth, and the
pendulum knocks over the blocks periodically. This system is treated in a purely classical
manner using either the Coriolis force, or by interpreting the system’s behavior as a geometric

phase.

In a uniformly rotating coordinate system, the equation of motion is generally

’r - dr
m—s=F—-2mid X — +mi X (0 X T
dt? dt ( )
where the last two terms are the coriolis and centrifugal forces, respectively, and w is the

frequency of rotation of the Earth.
The equation of motion for the Foucault pendulum [6], choosing the coordinates such that

the origin is at the pendulum’s rest (equilibrium) point, is

&2F dF
md—;:(F+m§')—2mQxd—Z+mﬁx(ﬁxF), (1)

where 7 is the tension in the string, m is the mass of the bob, w is the frequency of rotation
of the Earth, g is the acceleration due to gravity, and r is such that Z points outward from

the center of the Earth and ¥ and ¥ describe the coordinates on the surface of the Earth.

We now assume that the frequency of oscillation of the pendulum wy is large compared to

the earth: wy > w; and wy is small : 2 =~ 0. We can therefore neglect the centrifugal force
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because it is of order w?. Now our equations of motion are

d*x dy
d*y ) dz
ap T Tyt E g

where w, = wcosf and # is the constant polar coordinate of the pendulum. We define a

complex variable w = x + 1y and the equations of motion become

d*w W
P + 27,sz + wiw = 0.

rat

Solutions are of the form w = €’*, and we find

a=—w, t/w?+wir —w, =+ w.

So our equation of motion for the pendulum is
W(t) — ezwzt (Clezwot + CQe—zwot) .

Therefore, we see that the coriolis force rotates the plane of oscillation of the pendulum with

frequency w,. The geometric phase ®, is the phase acquired from this process [7]:

¢, = w,T = 2w cosb, (2)

where T = 2 = 24 hr.

w

The result (2) is indeed a geometric phase. ®, is independent of time, as it does not contain
either the frequency of rotation of the Earth or that of the oscillation of the pendulum. It
can be related to the solid angle €2 of its closed path C' by

mod(®,, 27) = Q(C).



4 (Geometric phase in optics

In quantum mechanics, the wavefunction ¥ describes the state and evolution of a system.
The form of ¥ is so similar to that of the electric field vector E that it is instructive to exploit
optics as a way to understand quantum mechanics. Schrodinger particles and photons can
both interfere, diffract and more. In optics, four distinct manifestations of Berry’s phase
have been shown experimentally: spin-redirection, Pancharatnam, spin-squeezing and first-
order Gaussian modes. Here we explore these geometric phases and some relatively simple

experiments to observe them.

4.1 Pancharatnam geometric phase

Pancharatnam’s study of light in absorbing biaxial crystals revealed interference fringes that
depended strangely on linear polarizers [10]. This led him to think about the issues involved
in interfering two beams of linearly polarized coherent light that are not necessarily of the
same polarization. From this came the first geometric phase in optics, although it was not
recognized as such until decades later. Pancharatnam’s original paper provides the most

accessible derivation of the geometric phase, entirely using basic geometry.

4.1.1 Poincaré sphere in polarization state space

The Poincaré sphere describes the states of polarized light in a convenient geometric way
[11]. Points on the surface of a sphere of unit radius correspond to various polarizations, as
in figure 1. The north (south) pole is right (left) circularly polarized light. The equator of
the sphere therefore corresponds to a polarization with equal components of left and right
circularly polarized light: linearly polarized light. Along the equator, the lines of longitude
give the angle of linearly polarized light, with points on and opposite the prime meridian
being antiparallel. The points between the equator and poles correspond to elliptically

polarized light.

The Stokes parameters provide another way to describe the polarization of light. These
four dimensionless quantities depend on the amplitudes of the orthogonal components, their
phase difference, and the angle of the polarization ellipse. The Stokes parameters may be
interpreted geometrically as a radius and three Cartesian coordinates, and related directly

to the Poincaré sphere.
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Figure 1: The Poincaré sphere representation of polarization states. [12]

One can easily describe the effect of an optical element or process using the Poincaré picture.
Consider a system with the initial state of linearly polarized light, § = 7, ¢ = 0. After a
quarter-wave plate operates on this state, it will become circularly polarized light, § = 7,

¢ = 0. The quarter-wave plate can then be referred to as a 7 element.

This description of the states via the eigenstates of a system using a sphere is a very common
practice; populations in a two-state atomic system are often described using the analogous
Bloch sphere [13, 14]. A laser beam that transfers atoms entirely from the ground to the

excited state is called a 7 pulse.

4.1.2 Pancharatnam’s derivation

We will start with polarization state A on the Poincaré sphere, change it to B, then C', then
bring it back to A, and see what happens.

Consider two laser beams polarized neither parallel or orthogonal to each other [10]. The
two beams lie on the Poincaré sphere at points A and B, separated by the angle 2v, as
illustrated in figure 2. We can think of this situation as two electric field vectors A and B
with an angle v between them. Their intensities are I, = A? and Iy = éz, respectively. We

can decompose B such that one of its components is parallel to A.

A‘: Ali,é = Bli + BQQ, where

D>

112andi|| 4

The intensity of each component of each beam is calculated.



Figure 2: Poincaré sphere for Pancharatnam’s derivation of the geometric phase. [10]

By, = Bcosvy, Ip = IBcos2’y

By, = Bsinvy, Igy = IBsin27
Ay = Acosy, s = IACOSQ’)/

AQZO, IAQZO

Now the 1- and 2-components of the total intensity are calculated.

I =(A+B))?= A+ B>+ 2A,B, = I, + Ig + 21/ 141 cosycos §
IQ = (A2 + BQ)Z = Bg = IBSiIl2”Y
We have included a term cosd to account for any difference in phase between A; = A and
By. This will be important later.

So now the total intensity I, of the interference is

Ip=1 + I, = I, + Ig(sin*y + cos *y) + 21/ Il cos y cos 6. (3)

Now consider a beam of intensity I at the pole of the Poincaré sphere, point C, representing
purely right circularly polarized light. In polarization state space, the angular separation of
C and A (B) is 20 (2a). In the electric field vector picture, the angle between C and A is
(E) is B (a). Now, C = A+ B, where A and B are not necessarily orthogonal. We want to
find Ip and I4 in terms of I, o, 8 and 7.



First, we again decompose each vector into 1- and 2-components such that 1 | A.

-

A=A1, B=B1+ B2, C=0C1+0C2

A2 = O, BQ = Bsin’y, CQ = Csinﬂ

02 = A2+BQ
Csin 3 = Bsinvy
sin 32
Ig=1 4
B sin 2~y 4)

To find 14, we use a system with coordinates 3 and 4, such that 3 || Band3 14

A= A3+ A, B=B3, C =033+,

Ay = Asiny, By, =0, Cy =Csina

04 - A4 + B4
Csina = Asinvy
sin ?«v
I,=1
A sin 2y (5)

Now we can use (5) and (4) in (3) to find the phase § between the two beams A and B.
Taking Iy = I and solving (3) for cosd,

cosd = (Iy — Iy — Ip)/(2y/Ialp cosvy) = —(sin > + sin ?3 — sin ?v) /(2 sin asin 3 cos ).

We also have o/ = — 5, /=3 — 5 and 7' =, so

cos 2o/ + cos 2B + cos 2y

cosd = — p .
2 cos ' cos B’ cos y

where we have used the identity 1 = cos 2y + sin 2.

The surprising result is that geometrically, (6) is related to the solid angle € subtended by
the triangle C'BA. The solid angle is in general given by the surface integral

Q:/Ssinqﬁdgbdﬁ.

9



So for the phase between beams A and B we have

1

We have thus obtained the geometric phase as derived by Pancharatnam in 1956. If the
polarization state changes from A to B to C and back to A, the total phase is non-zero even

if each state is in phase with the previous state.

4.1.3 Quantum mechanical derivation

Now we will derive Pancharatnam’s phase using a more quantum-mechanical, and therefore

more elegant, method [15, 16].

The polarization of a beam of light is given by

(o
(.

bl

|¢>=[

€z T €y),

1
Vi = %(
where the complex unit vector is €= (¢, €,).

The phase difference @, 5 between states |¢;) and |1) is given by

Do = arg ({1 [v)),

where arg is the complex argument. If two states have a real and positive scalar product,
they are perfectly in phase.

Now we change the polarization state from 1 to 2, then 2 to 3, and finally 3 to 1. Each time,

the phase of the new state is “in phase” with the previous state. The net phase is given by

arg (v |[v2) (2 |ths) (3|11)),

which was shown by Pancharatnam to be —59123, where (2 is the solid angle on the Poincaré

sphere formed by the three polarization states.
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4.1.4 Experiment

The Pancharatnam geometric phase involves a change in polarization state space, mani-
fested as a change in the polarization vector of the system. Experimentally, this requires
a closed path in polarization state space, which can be achieved using a simple Michelson

interferometer and quarter-wave plates, as shown in figure 3 [17].

A polarized laser beam is split into a reference beam Ay and a beam to be modified A. The
latter passes through a quarter-wave plate, creating circular polarization B. This passes
through a second quarter-wave, oriented at an angle %a relative to the linearly polarized
source, which changes the circularly polarized light back to linearly polarized light C, now
at some angle relative to the original linearly polarized source A. The linearly polarized
beam reflects off the mirror. The second quarter-wave plate now makes C' into circularly
polarized light D, which has the opposite chirality of B. The first quarter-wave plate returns
the light to A, and it interferes with the reference beam Ay.

ZZZ2 NIRROR M1

1
Y

QP1 QP2

| : :g ¢ mam Enmnunnn

. LASER POLARIZER

PHOTODIODE

Figure 3: Experimental setup of Mandel et al. to observe the Pancharatnam geometric phase. [17]

Rotating the second quarter-waveplate and measuring the resulting interference fringes al-
lows one to measure Pancharatnam’s phase. The path enclosed on the Poincaré sphere is
ABCDA, which has a solid angle €2 of 2c, as shown in figure 4. The Pancharatnam phase

®, is therefore . The data of Mandel et al. are in excellent agreement with this.

This experiment by Mandel et al. does not account for the dynamical phase, which would
manifest as a shift in the interference fringes from instability of the interferometer. A later
experiment by Hariharan and Roy [18] eliminates the dynamic phase by using a Sagnac-like

interferometer, where both the reference and polarization-modified beams travel along the

11



same path in opposite directions. A geometric phase is introduced into both beams, and

their interference reveals twice the geometric phase in the Mandel et al. experiment.

4.2 Spin-redirection geometric phase

The spin-redirection geometric phase rotates the plane of polarized light by adiabatically
changing a system in parameter space [19, 20]. To observe this geometric phase, we create
an effective optical activity by moving the wavevector k on a closed circuit in momentum

space.

An optically active material has some chiral property of its molecules, crystal planes, etc.
that causes a circularly polarized beam whose chirality does not match that of the material
to be affected differently than ones that does. This results in two indices of refraction for
different circular polarization states. Birefringence in linearly polarized light is the more
familiar analog, where different components of the electric field vector of a linearly polarized

light beam experience different indices of refraction.

One way to change k adiabatically in momentum space is to send polarized light through
a coiled single-mode optical fiber. The wavevector must stay parallel to the local axis of
the fiber, which can vary on a scale larger than the order of the wavevector. The geometric

phase @, is then given by the solid angle €2 enclosed by the transit of k in momentum space:

®,(C) = -0,

where

Figure 4: Path on Poincaré sphere that demonstrates the Pancharatnam geometric phase. [17]
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Here, the helicity quantum number is +o, C is the closed path in momentum space, N is

the integer number of windings in the helical optical fiber.

Consider a beam of linearly polarized light coupled into a single-mode optical fiber that is
wound in a helix, with winding number N, radius r, pitch length d and pitch angle 6, as
in figure 5 [20]. (We use linearly polarized light to simplify the experimental setup; helical
polarization states form a complete basis so this is entirely acceptable.) For N = 1, Berry’s

phase becomes

&, = —2m0 [1-—1 .
d? + (27r)?

The initial polarization state that is coupled into the fiber is

1
|z) = ﬁ(|+>+ =),

where |£) the eigenstates of the helical eigenstate. The state upon exiting the fiber includes

the geometric phase term:

27) = (&) + e |)).

V2

Malus’s law requires the intensity of polarized light transmitted through an analyzing polar-
izer set an an angle v is Ij cos 2, where I is the square of the electric field amplitude. We

see that (x|z') gives a similar result:
(x|2")|* = cos?®,.

This means that the angle by which the polarization has been rotated is given exactly by
Berry’s phase ®,. This can easily be measured using an analyzing polarizer at the exit of the
fiber. An interesting aspect of this experiment is that it must be done in three dimensions

to have the desired topological effects [20].

4.3 Transverse laser mode geometric phase

The Pancharatnam and spin-redirection geometric phases deal with the electric field vector

of light. Another geometric phase can be found by studying the phase of first-order Gaussian
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LASER

Figure 5: Experimental setup of Tomita and Chiao to measure the spin-redirection geometric
phase. [20]

beams [16, 22].

4.3.1 Hermite-Gaussian and Laguerre-Gaussian modes

There exist solutions to the paraxial wave equation beyond the familiar Gaussian function,
two examples being Hermite-Gaussian (HG) modes and Laguerre-Gaussian (LG) modes. HG

modes have rectangular symmetry, LG modes cylindrical symmetry [23, 24].

The electric field amplitude of the HG mode is described by the Hermite polynomials H of

order n and m,

2 2 x2 2
HGun(x,y,2) x Hy, (Q) H,, (%) P

w
The intensity distribution of an H(G'1; beam is four bright lobes arranged in a 2x2 grid and

separated by dark lines of zero intensity, as in figure 6. The phase of these lobes alternate

between 0 and 7.

Figure 6: Intensity distribution of Hermite-Gaussian mode HGp—1 m=1.
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The electric field amplitude of the LG mode is described by the Laguerre polynomials L of
order ¢ and p.

LG It 2r%\ o2 s
(1, 0,2) < L, rewe

w?

The intensity distribution of an LG beam with indices p = 1, £ = 1 is a central bright spot
surrounded by a dark ring, then a bright ring (a bull’s-eye). More interesting are the LG
beams where p = 0. These are termed optical vortices because the phase of the beam varies
azimuthally, as is evident in the e*® term of the electric field. This creates a singularity
along the axis of the beam where the phase is undefined, and therefore the intensity must go
to zero. The result is a ring-shaped beam with a dark core, as in figure 7. Optical vortices
form a large part of the exciting and diverse field of singular optics, whose foundation is
often credited to Nye and Berry [25, 26, 27].

Figure 7: Intensity distribution of Laguerre-Gaussian mode LG;E%,.

The LG modes can decomposed into the sum of HG modes of various orders. For example,
LG(I) = HG10 + ’LHGOI-

Experimentally, this is accomplished using an astigmatic mode converter, which employs two
cylindrical lenses to introduce a Guoy phase shift in an HG beam. For HG to LG conversion,
a phase shift of of Z is required. An LGy ! ' mode can be transformed into a LGy ' mode by

a pair of cylindrical lenses aligned in a different way to give a Guoy phase shift of 7

An LG beam can also be made using a “fork” diffraction grating. This is the calculated
interference between a (Gaussian beam and an off-axis Laguerre-Gaussian beam, which is

then transferred to film or written to a programmable or static phase element. A Gaussian
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beam incident on the fork grating creates a diffraction pattern where non-zero diffraction

orders contain LG beams of increasing .

What makes these modes so special is their phase. The intensity distribution of the interfer-
ence between coaxial Gaussian and Laguerre-Gaussian beams is a spiral, with the number
of arms equal to ¢. The interference between two Laguerre-Gaussian beams of equal and

opposite ¢-values is petal-like fringes, with the number of azimuthal lobes equal to 2/.

4.3.2 Poincaré sphere for first-order Gaussian modes

An analog of the Poincaré sphere for polarization states can be constructed for first-order
Gaussian beams [12]. The north pole of this mode space is an LG ! mode, the south pole
LGy", and points along the equator are HG o to HGy,. Using the Poincaré model of first-
order Gaussian modes, we can easily devise a scheme where varying the parameters of the
system create a closed path on the surface of the Poincaré sphere. Two pairs of 7 converters
at an angle « relative to each other create a closed path in mode space separated by ¢ = 2.
This angle 2« is the geometric phase, which physically corresponds to a phase shift in the

LG beam’s wavefront.

2

|-

&

1
I
| |
00 |
|

[

@

Figure 8: The Poincaré sphere representation of LG and HG states. [12]

4.3.3 Experiment

The first experiment to observe the geometric phase in first-order Laguerre-Gaussian modes
predicted by van Enk [16] was done by Galvez [22]. It requires a closed path on the Poincaré

sphere in modespace, and special care to account for the dynamic phase.

At point A on the Poincaré sphere we begin with an LG;' beam. It is sent through a 5

mode converter and becomes a HGy; beam, at point B along the equator. This HGy; beam
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is rotated by a tunable Dove prism by an angle %oz, which translates the beam along the
equator by an angle 2a to point C. Another 7 mode converter transforms the HG beam back
into an LG} beam, point A. This second 5 mode converter must be aligned with the axis
of the Dove-prism-rotated HG beam, so it is set at an angle @ relative to the first § mode

converter.

Figure 9: Experimental setup of Galvez et al.. [22]

The solid angle ) enclosed by the path ABC'A is 2, and therefore the geometric phase
®, is o. The rotation of the second % mode converter is thus what controls the amount of

geometric phase accumulated by the beam during its transit through the system.

The geometric phase in the case of first-order modes is manifested as an advance in the
phasefront of the LG beam. Thus to observe it, the beam must be interfered with a reference
beam. The result is a bright lobe located at some azimuthal angle ¢ that changes with
the magnitude of the geometric phase ®;,. Experimentally, interferometers are extremely
sensitive due to instabilities that introduce an unwanted dynamic phase. A dynamic phase
is normally manifested as the change in path length of one beam relative to the other, causing
a shift in interference fringes. The reference Gaussian beam is therefore sent through the
entire system collinear with the transforming first-order mode to introduce the same dynamic

phase to both beams, rendering it irrelevant.

The mode transformation given by ABC A gives a geometric phase ®, equal exactly to the
rotation angle « of the second 7 mode converter. To measure ®,, the angle of the second

5 converter is varied, and the azimuthal position of the interference fringe is measured.

Galvez’s experiment found ®, = ¢, in agreement with theory.

A second experiment was performed by Galvez to further illustrate the geometric phase. At
point A on the Poincaré sphere we again begin with an LGy " beam, but this time it is sent
through a m mode converter. This transforms it into an LG§"' beam at point D. This beam
is returned to its initial state at point A by sending it through a second 7 mode converter,

which is rotated by an angle . It is this angle that determines the magnitude of geometric
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phase acquired. To reveal the geometric phase, the LG beam is again interfered with a
Gaussian reference beam. Now the solid angle €2 enclosed by the circuit on the Poincaré

sphere is twice what it was before; the geometric phase @, is 2a.

5 Applications of geometric phase

While geometric phase may seem an esoteric subtlety of physics, it does have some applica-

tions.

5.1 Polarization rotator

An application of the geometric phase in optics is the rotation of linearly polarized light
[28, 29]. A common way to achieve this experimentally is using a half-wave plate, a bire-
fringent transparent material such as quartz. A waveplate must be engineered for a specific
wavelength of laser light, both in its physical thickness and its antireflection coatings. Wave-
plates can be damaged when used with high-power lasers, and are expensive to replace; a
high-quality wavelplate can cost hundreds of dollars. Koch and his colleagues pursued us-
ing the geometric phase to replace waveplates in their work on Rydberg atoms that uses
extremely high-power CO, lasers Employing the geometric phase, Koch et. al used mirrors
mounted in a closed three-dimensional circuit to rotate the polarization of a laser beam by
a desired amount, as in figure 10. The angle by which the polarization is rotated ¢ is equal

to the solid angle €2 of the circuit traversed in k-space.

Figure 10: Experimental setup of Koch and Galvez. [29]
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